IITecroii FO:xHBIH MaTeMaTH4eCKUU TypPHHP
BIIIT ”Opaéenok”, 12-18.09.2011
Juea "I'pand”, 4 myp (noayduran). 17.09.2011

1. Herbipe enuaudHbIX KpyTa ¢ tentpamu Ay, Ay, Az, Ay pacmtosioKeHbl Ha MJIOCKOCTH Tak, ITO
MobbIe TPW W3 HIX MOZKHO TMepeceddb onnoil mpsamoil. JokamknTe, 9T0 9eThipe Kpyra paamyca /2 ¢
neatpamu Ay, As, Az, A4 MOXKHO Iepecedb OIHON TIPAMOil.

2. Harno HatypaJsbHoe 9ucsio a. JoKaxkuTe, 4To CYIMEecTBYeT OECKOHEUHO MHOTO TTPOCTBIX TUCET
p TAKHX, 9TO /1A HEKOTOPOTO HATYPATBHOTO N neao 22 + a IeJHTCA Ha P.

3. Xpomas JaIbs Ipoliia Bece KIAETKN JOCKHE 1 X 1 (n > 2) poBHO 1o OAHOMY pasy ¥ BEpHYJIach
B HaJYaJbHYIO KJIeTKy. CoennHasas MeHTPhl COCEIHNX KJIETOK MO IMYTH JaIbW, TOJyTaeM 3aMKHYTYTO
aomanyto L naunbl n?. okazxuTe, 9To Ha NOocKe HalimyTcs nBe cocennue (Mo CTOpOHE) KJETKH,

n2

OEHTPbI KOTOPbHIX ACJIAT JIOMaHYIO L ma JABE JIOMaHbIe, IJIMHA Ka)KILOﬁ 13 KOTOPbIX HE MEHbBIIE -

4. Hawno marypaJsbroe n > 2. Paiinnre HanbosbIiliee 91CIIO ¢ TAKOe, ITO MJ15 BCEX TTOJIOKUTETh-

HBIX 1, ..., Oy BBIIIOJTHEHO HEPABEHCTBO a§+';+ai > (“1""'7'1'""“" )2 + c(a1 — an)z.

5. Hano marypasbHoe 4mcsiio n. HokakuTe, 9To cyIecTByeT Takoil Habop [%n(n + 1)] pas-
JIMTHBIX YTIOPAMOYEHHBIX nap (&,y) HATypaJdbHBIX THCea ¢ & < n, y < N, 970 [T JOOBIX map
(x1,11) € S, (w2,y2) € S mapa (21 + 22,y1 + y2) HabOPY S He TPUHAIIEKNT.

6. Puccextpuca AL tpeyrosmpauka ABC (L € BC') mepecekaeT BTOPHTIHO €r0O OMUCAHHYIO
oKpyxKHOCTh B Touke M. Pyctb Iy m I, — 1leHTpbl BHEBIUCAHHBIX OKPYZKHOCTEN, JexKammx Ha-
npotuB ctopor AC' uw AB coorBetctBenrio, X = I.M NL,L, Y =1.L N [, M. Hokaxute, 9T0 TOIKN
X, Y, B, C nexar Ha oqHOIl OKPYZKHOCTH.

7. B pan zanucans! uncaa 1,2,...,2010. [IBoe urparor B UIPY, pACCTaBJIAA O OUYePenN 3HAKN
"4+7 aubo 77 MeKIy COCETHMMH Uhc/aMiu. P epBblii BRIMTPLIBAET, €CJIM MOJYyICHHOE B pe3yabTare
YUCJIO AEJTUTCA Ha 3, B IPOTUBHOM CJlydae BbIUTPbIBaeT BTOpoil. KTo BhIUTpBIBAET TTIpU NpaBUIbHOMN
urpe?

8. PeuerHoe umucyao n j1aeT monapHo pasaudHble OCTATKH 'y, '3, ..., 1900 [TPYU AeJIeHUN Ha 2, 3,
..., 1000 coorBercTBenno. UsBectro, uto rp = 0. Kakwme sHavenns Mmoxer npuHUMAaTh k7

9. B rocynapcrse 2011 roponos. Kaxkmas nmapa ropoJioB coeanaeHa OIHOCTOPOHHEN aBraInHMEH.
NsBectHO, 9TO B KaK ABIH TOPOI BXOAUT He DoJiee k aBUaJMHN 1 U3 KaK I0TO TOPOIia BBIXOIUT He 0O-
stee k apmaaunuii. Ppu kakom HanbosbireM k HE3aBUCHMO OT CXEeMbI aBUAJIMHUN, yIOBIETBOPATOIIEH
YCJIOBUIO, U3 KarKIOTO TOPOa MOYKHO ITOJIETETH 10 IPYToro?

10. IIBe okpy:kuoctu mepecekatorcsa B Toukax A mw B. Papabosa npoxonnt vepes touku A u B
W TlepecekaeT MepByio oKpyxRHoCTh B Toukax C' u D, a Bropyto — B Toukax E u F (A, B, C, D, E,
F — nonmapro pasangabie Toukn). Hokaxure, ato CD || EF.



IITecroii FO:xHBIH MaTeMaTH4eCKUU TypPHHP
BIIIT ”Opaéenok”, 12-18.09.2011
Juea "I'pand”, 4 myp (6ou 3a 5-8 mecma). 17.09.2011

1. Pycrs M — MHOXKeCTBO, cocToAllee U3 n > 1 ToYeK MIOCKOCTH, HUKaKHe TPU U3 KOTOPBIX He
Jlekar Ha oflHoM mpaMoil. HokaKuTe, 9TO KOJUYIECTBO TPEYTOJBHUKOB IJIOMIAAN 1 ¢ BEpIUTMHAMU B

ToYKax MHO)ecTBa M He mpeBoCXOmUT %(n2 —n).

2
2. PaiinuTe Bce TPoOiKN IPOCTBIX YHCET p, ¢, r TaKhe, u4To pqr + 1 = 201,
3. BelllecTBEHHBIE YUCTIA T1, L2, «« .y Tny Y15 Y2, - - -5 Ypn YIAOBIETBOPAIOT PABEHCTBAM

xf—l—xg—l—...—l—xi:l, y%—l—yg—l—...—l—yi:l, T1Y1 + Toys + ...+ xpy, = 0.

Hoxaxure, ato (x1 + 23 + ... + —I—:L'n)2 +(y1+y2+...+ yn)2 < n.

4. Hawo martypasbHoe ducso n. [Hlokaxurte, 9To cyllecTByeT Takoil Habop S us [%n(n + 1)]
Pa3IMYIHBIX YIOPATOTEHHBIX ap (¥, y) HATypaabHBIX duces] ¢ & < N, Y < N, ITO JJIA JTOOBIX map
(x1,11) € S, (w2,y2) € S mapa (21 + 22,y1 + y2) HabOPY S He TPUHAIIEKNT.

5. B mpamoyrosbrom Tpeyronbauke ABC ¢ npambiM yriioMm B BIimcanHas OKPYKHOCTD KacaeTcs
cropoubsl BC' B Touke D. Touku X u Z — 1IeHTPBI OKPYKHOCTEN, BUNCAHHBIX B Tpeyroabauku ABD u
ADC', coorBetcTBerHO. Ppsamas X Z nepecekaet mpamyto AD B Touke K, a onucanHyo OKPYKHOCTD
tpeyrosibanka ABC — B Toukax U u V. Ppamas AD BTopudHO mepecekaeT OMUCAHHYO OKPYKHOCTD
tpeyrosbanka ABC B Touke Y. Touxka M — cepemmna orpeska UV. Hokawxwute, ato C'Y = 2M K.

6 B 1 3 32 33 39999
. Brruuncanre cymmy [ﬁ] + [ﬁ] + 13 + 13 4+ ...+ 3

7. B pan samucans uncaa 1, 2, ..., 2010. [Boe urpator B Urpy, paccTaBjifs 110 OYepeIn 3HAKN
"4+7 aubo 77 MeKIy COCETHMMH Uhc/aMiu. P epBblii BRIMTPLIBAET, €CJIM MOJYyICHHOE B pe3yabTare

YUCJIO AEJTUTCA Ha 3, B IPOTUBHOM CJlydae BbIUTPbIBaeT BTOpoil. KTo BhIUTpBIBAET TTIpU NpaBUIbHOMN
urpe?

8. PeuerHoe umucyao n j1aeT monapHo pasaudHble OCTATKH 'y, '3, ..., 1900 [TPYU AeJIeHUN Ha 2, 3,
..., 1000 coorBercTBenno. UsBectro, uto rp = 0. Kakwme sHavenns Mmoxer npuHUMAaTh k7

9. Pekoropsbie ropona cTrpanbl PEKOHCTPYKINA COeMMHEHBI TOPOTAMU ¢ OJTHOCTOPOHHUM IIBUZKe-
HreM. OKasaaoch, ITO, €Cn 3aKPhITh JTI00bie 10 MOpor Ha PEMOHT, U3 J000T0 TOpola MOYKHO OyIeT
1o6paThesA Mo Jroboro apyroro. Kakoe HamMeHbIIee 9HCIO TOPOIOB MOXKET OBITH B 3TOil cTpane?

10. IIBe okpy:kuoctu mepecekatorcsa B Toukax A mw B. Papabosa npoxonnt vepes touku A u B
W TlepecekaeT MepByio oKpyxRHoCTh B Toukax C' u D, a Bropyto — B Toukax E u F (A, B, C, D, E,
F — nonmapro pasangabie Toukn). Hokaxure, ato CD || EF.



IITecroii FO:xHBIH MaTeMaTH4eCKUU TypPHHP
BIIIT ”Opaéenok”, 12-18.09.2011
Yemesepmwtd myp. Ipemvep-auea. Hoaypurnan. 17 cenmabps 2011 e.

1. Pexkotopsie ropona ctpanbl PEKOHCTPYKINS COEMMHEHBI IOPOTAMI € OTHOCTOPOHHUM IIBHKe-
HreM. OKasaaoch, ITO, €Cn 3aKPhITh JTI00bie 10 MOpor Ha PEMOHT, U3 J000T0 TOpola MOYKHO OyIeT
1o6paThesA Mo Jroboro apyroro. Kakoe HamMeHbIIee 9HCIO TOPOIOB MOXKET OBITH B 3TOil cTpane?

2. Passmanble pocThie ducIa p U ¢, a TakKKe HaTypasbHbIE TUCIA 1M U N TAKOBBI, ITO CyMMa
%_1 + %71 — nenad. Jokazknure, 4TO % + 251,

3. B npamoyrosbrom Tpeyrosbauke ABC ¢ npaMbiM yriioMm B BIimcanHas OKPYKHOCTD KacaeTcs
cropoubsl BC' B Touke D. Touku X u Z — 1IeHTPBI OKPYKHOCTEN, BUNCAHHBIX B Tpeyroabauku ABD u
ADC', coorBetcTBerHO. Ppsamas X Z nepecekaet mpamyto AD B Touke K, a onucanHyo OKPYKHOCTD
tpeyrosibanka ABC — B Toukax U u V. Ppamas AD BTopudHO mepecekaeT OMUCAHHYO OKPYKHOCTD
tpeyrosbanka ABC B Touke Y. Touxka M — cepemmna orpeska UV. Hokawxwute, ato C'Y = 2M K.

4. Hawo martypasbHoe ducso n. [Hlokaxurte, 9To cyllecTByeT Takoil Habop S us [%n(n + 1)]
Pa3IMYIHBIX YIOPATOTEHHBIX ap (¥, y) HATypaabHBIX duces] ¢ & < N, Y < N, ITO JJIA JTOOBIX map
(x1,11) € S, (w2,y2) € S mapa (21 + 22,y1 + y2) HabOPY S He TPUHAIIEKNT.

5. B octpoyronbaom tpeyronbauke ABC nposenenst Boicotbl AA', BB, CC'. Touku E u F
pacnoJioxkensl Ha orpeskax C'B’ u BC' coorBeTcTBeHHO Takmm obpasom, uro B'E - C'F = BF - CE.
Hoxkazknre, uro yerhipexyroapauk AEA’'F — BnmucaHHBIIL.

6. IokaxmuTe, 4To HATypaJbHbBIE THCIA d, b, ¢ yIOBIETBOPAIOT HEpABEHCTBY |a — by/c| < 21—b
TOrHa M TOJIBKO Toraa, Korma |a® — b?c| < +/c.

7. Oyukmma f @ R — R ymosmersopsier ycenosmio f(f(x)) = [x] mpu Bcex BelecTBEHHBIX .
Hokazkure, 9T0 CyMIECTBYIOT BENeCTBEHHbIC Yncaa a u b, misa kotopwix |f(a) — f(b)| > |a — b].
8. BemiecTBeHHBIE YUCTA T1, T2, « .., Ty, Y1, Y25 - -+ 5 Yn YIAOBJIETBOPAIOT paBEeHCTBAM

xf—l—xg—l—...—l—xizl,yf—l—yg—l—...—l—yizl,xlyl—l—xgyg—l—...—l—xnyn:O.

Hokaxkure, 9T0

(T14+z2+. )+ Wi+t +y) <n



IITecroii FO:xHBIH MaTeMaTH4eCKUU TypPHHP
BIIIT ”Opaéenok”, 12-18.09.2011

Yemesepmwtd myp. pemvep-auea. Hou 3a 5-12 mecma. 17 cenmabps 2011 e.

1. Pekoropbie roposa cTpaibl PEKOHCTPYKINSA COCTUHEHBI JOPOTaMi ¢ OJTHOCTOPOHHUM JIBHKe-
HreM. OKasaJioch, 9TO, €CJIH 3aKPhITh J00bie 10 Topor Ha PEeMOHT, 13 JIIOOOTO Topojia MOKHO OyIeT
I06paThes 1o Jioboro apyroro. Kakoe HauMeHblliee 9UCIO TOPOIOB MOYXKET ObITH B 9TOl cTpame?

2. Pasauumble mpocThlie YnCIa p U ¢, a TaKKe HaTypaJbHble YACTa M W N TAKOBBI, 9TO CyMMa
%_1 + %71 — nenad. Jokaxkwnre, uro 2 + % > 1.

3. Y BoinykJioro derbipexyroiabianka ABCD ecth poBHO OfHa Mapa MapaslieJbHbIX CTOPOH.
Hoxazxkure, uro ctopoust AB, BC, C D, DA ue mMoryT o6pa3oBbIBaTh apudMeTHIECKYTO TPOTPECCHTO
(B TakoM TIOpAIKE).

4. Harno HaTypaabHoe 9ucio n. JoKaxKuTre, 9To CyIecTBYeT TaKol Habop S n3 [gnz] Pa3THIHBIX
YTIOPAMOYEHHBIX TTap (&, Yy) HATYPAJBHBIX duces ¢ & < N, ¥ < N, 9TO I/ Jo0bX nap (r1,y1) € S,
(x2,y2) € S mapa (x1 + x2,y1 + y2) HAGOpPy S He MPUHAIIEIKUT.

5. B octpoyronbaom tpeyronbauke ABC nposenenst Boicotbl AA', BB, CC'. Touku E u F
pacrniosiozkenbl Ha orpeskax C' B’ u BC' coorBetcTBerHo Takum obpasom, uto B'E-C'F = BF - CE.
Hoxkazknre, uro yerhipexyroapauk AEA’'F — BnmucaHHBIIL.

6. IokaxmuTe, 4To HATypaJbHbBIE THCIA d, b, ¢ yIOBIETBOPAIOT HEpABEHCTBY |a — by/c| < 21—b
TOrHa M TOJIBKO Toraa, Korma |a® — b?c| < +/c.

7, Oyukmma f @ R — R ynosaerBopser yeaosuio f(f(x)) = [x] npm Bcex BeleCTBEHHBIX .
Hoxaxkure, 910 CyNECTBYIOT BellleCTBEHHbIE Uncaa ¢ u b, misa Kotopwix |f(a) — f(b)] > |a — b).

8. Hoxazkwute, uto ecom z° + y> < 2, Tme = U y — BellecTBeHHbIE YHUCIa, TO T + Yy < 2.



IITecroii FO:xHBIH MaTeMaTH4eCKUU TypPHHP
BIIIT ”Opaéenok”, 12-18.09.2011

Yemsepmwt myp. Cmapm-auvea. Hoaypurnana. 17 cenmabps 2011 e.

1. B octpoyroabuom tpeyrombuuke ABC toukum M u N — cepenunnt ctoporn AB u BC' coot-
BercTBeHHO. Touka K BhiOpana mna cropore AC tak, uto KM > AM. Hokaxwure, ato KN < C'N.

2. B crpane 10 ropomnos, u m3 KayKI0To B ApyTrHe TOpoia BRIXOINUT MOPoBHY mopor. Oxasasochk,
YTO HET TPeX TOPOIOB, COEMMHEHHBIX HOPOraMU KazKIblil ¢ KaXIIbIM, HO €CTh KPYTOBOI MapIlIpyT,
cocToANMI 13 HEIEeTHOTO Yncya mopor. Kakoe HamboJIbillee IUCIO JOPOT MOYKET ObITh B cTpaHe?

3. HBe cBaxu NMpEeNIOKUIN ABA PA3JIHIHBIX TJIaHa KEHUTHOBI CTa KEHWXOB Ha CTa HEBeCTax.
Kaxknprit 13 KeHUXOB TMPUHAJ MPeIJIOKEHNe OMHON 13 cBax, W MPU HTOM YIAJIOCH 3aKJIOUYUTh CTO
6paxos. [HoxkaxuTe, 9TO ecsii ObI KarK bl JKEHUX TPUHAI MIPEJIOKEHNE IPYToil cBaxm, TO TaKiKe
yIaJI0Ch OBl 3aKJII0OTUTH CTO OPAKOB.

4. PycTb 1/ HEKOTOPBIX HATYPaJbHBIX YHCET M U N 9UcI0 m? + 2n ABIAETCA TOYHLIM KBa-
npaToM. oKaskuTe, 9TO TOTHA THCJIO m? + n MOKHO HPeACTaBUTh B BHIE CyMMBI IBYX KBaIpaToBb
HATYPaJbHbBIX YUCEJT.

5. PocrtaBbTe B OIHY M3 KJIETOK HOCKM { X 7 MIAXMATHOIO KOHA U CjlejlaiiTe UM HalMeHbIIee
BO3MOZKHOE THCJIO XOIOB, YTOOBI BCE KIIETKN MOCKHU XOTs ObI pa3 OKa3asnch MO DOeM.

6. Cymma 20 pasiamdHbIX [eblX (He 0bA3aTebHO HaTypasabHbx!) wmcen pasha 210. Kakoe
HanMeHblllee 3HaTeHNe MOKET TIPUHUMATH CyMMa KBaIPaTOB 3TUX TUCET!

7. PecrosbKO Umces BBIMUCAHBI B CTPOUKY. ECJIH OKa3bIBAETCH, ITO KAKOe-TO TUCJIO DOJIbIe
JIPYTOTO, HO CTOUT B PAILY JEBEE HETO, TO DT [ABA TUCIa MEHAIOT MECTAME U K HIM 0DOUM TPUOaBIISAIOT
o enwHUIle. BepHo i, 9TO 5TOT Tpotece 00A3aTETHHO 3aBEPITNTCH T

8. ¥ kaxporo us Tpex nopocAt ectb 1o 3000 KapTovek ¢ HANMMCAHHBIMI HA HUX HATYPaJbHBIMU
anciaamu. Kaskaprif U3 mopocAaT MOKeT TaK BBIJIOKUTH BCE CBOM KapTOIKHU B P, ITOOBI KayKIoe
TUCITIO OBLIO OOJIBINE TPEMBIIYIIET0 Ha OMHO W TO Ke 3HadeHme. P a KapTodkax MOXKHO HallTu Bce
nesible umcsta ot 1 no 8. HokaxkunuTe, 9T0 MOXKHO HaliTu u ducsgo 2011.



IITecroii FO:xHBIH MaTeMaTH4eCKUU TypPHHP
BIIIT ”Opaéenok”, 12-18.09.2011

Jemeepmut myp. Cmapm-auza (606 3a 5 mecmo). 17 cenmabpsa 2011 e.

1. B octpoyroabuom tpeyrombuuke ABC toukum M u N — cepenunnt ctoporn AB u BC' coot-
BercTBeHHO. Touka K BhiOpana mna cropore AC tak, uto KM > AM. Hokaxwure, ato KN < C'N.

2. HBe cBaxu NMPENIOKUIN ABA PA3JMIHBIX TJIaHa KEHUTHOBI CTa KEHWXOB Ha CTa HEBeCTax.
Kaxmprit 13 KeHUXOB TPUHAI MPEIOKEHNe OIHON W3 CBaX, W MPHU 9TOM YIAJOCh 3aKJIIOTUTH CTO
6paxos. [HoxkaxuTe, 9TO ecsii ObI KarK bl JKEHUX TPUHAI MIPEJIOKEHNE IPYToil cBaxm, TO TaKiKe
yIaJI0Ch OBl 3aKJII0OTUTH CTO OPAKOB.

3. Ppu xaxux HaTypaJbHBIX n W3 ducexn, n+1,n+2, ..., n? MoxXHO BBIGPATDL TeThIpe MOHapHO
pPas3JIMUHBIX THucaa d, b, ¢, d, 1715 KOTOPBIX CIpaBEIIMBO paBeHcTBo ab = cd?

4. Paiinure Bce HaTypaJibHBIE UNCIA, KOTOPBIE B 12 pa3 HGoJIbIE CYMMbBI CBOUX TTHQD.

5. Hanma mocka 7 X 7, packpallleHHas B IIaXMaTHOM Mopsake. Kakoe HamMeHbIIee KOJTTIECTBO
KOHell HeoOXOMMMO TIOCTaBITh Ha JOCKY TakK, ITOOBI BCe KJIETKN TOCKH OKA3aJICh Mo 60eM (B TOM
qHCJSIe U Te, Ha KOTOPBIX CTOAT KOHM)?

6. Pa Typaup npmexaJsio HECKOIBKO yueHUKOB. (pemm HUX €CTh POBHO OIWH, ¥ KOTOPOTO Ha
TYPHUPE €CTh OJINH JIPYT; POBHO [IBOE, ¥ KOTOPBIX Ha TyPHUPE TI0 IBA IPYTA, ..., pOBHO 20, y KOTOPBIX
o 20 mpyseit. Pombire, wem 20 npyseil, Hu y Koro HeT. BosMoKHa Jim TakKas CUTYAITH?

7. Kakoe mambosbiliee KOJIMIECTBO JIEMEHTOB MOYKET OBITh B HabOpe HaTypaJIbHBIX UHUCE,
Pa3HOCTD JTFOOBIX JIBYX W3 KOTOPBIX ABJIAETCH €0 CTEMeHbo TBOUKM Y

8. ¥V kamxmoro u3 Tpex nopocart ecth o 3000 KapToUek ¢ HATMCAHHBIMU Ha HUX HATYPaJbHBIMUI
ancaamMu. KamX bl m3 MOpocAT MOYKET BBIIOKHUTH BCe CBOM KAPTOUKU B P, ITOOBI KaKIOE TUCIIO
OBITTO DOJTBIIE TIPEIBIAYIIETO HA OHO W TO JKe 3HadeHme. P a KapTodkaxX MOXKHO HaillTu BCe Iesbie
qncsta oT 1 o 8. HokaxkuTe, 910 MOXKHO HaliTu u ducsgo 2011,



